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Abstract. A spatial pendulum with the vertical immobile axis and horizontal mobile axis is studied and the 

differential equations of motion are obtained applying the method of Lagrange equations. The equations of 

motion were obtained for the general case; the only simplifying hypothesis consists in neglecting the principal 

moments of inertia about the axes normal to the oscillation axes. The system of nonlinear differential 

equations was numerically integrated. The correctness of the obtained solutions was corroborated to the 

dynamical simulation of the motion via dynamical analysis software. The perfect concordance between the 

two solutions proves the rightness of the equations obtained.  

1 Introduction 

Oscillatory motions occur frequently in natural world [1]. 

In mechanical engineering, they are met as vibrations 

when the elastic elements are associated with elements 

characterized by inertial properties (mass and moment of 

inertia). Another class of oscillatory motions are the 

oscillations themselves performed by bodies with one or 

several degrees of freedom actuated by a field (gravity, 

electrostatic etc.). The pendulum with one degree of 

freedom was in the attention of the scientist from old times 

[2]. An important application is the pendulum watch that 

allowed for precise time measurement. The attention for 

the oscillatory motions of the pendula has not lost the 

importance even in nowadays. One of the modern theories 

concerning the evolution of dynamical systems is related 

to the integration of differential equations that describe 

their behaviour. Thus, for the integration of a differential 

equation of an actual case, the initial conditions must be 

stipulated. The attempt of modelling more complex 

phenomena lead to the conclusion that it is possible that a 

minor variation of initial conditions may produce 

significant changes in the evolution of the system [3]. This 

property of a system to essentially modify its evolution for 

the smallest variations of initial conditions is known as 

chaos and the mathematical domain that studies the 

phenomenon is named the chaos theory [4].  

2 Obtaining the equations of motion of 
the 2 DOF spatial pendulum 

Looking for simple models where the chaos occurrence is 

possible it was recognized that the plane double pendulum 

is one of the simplest dynamical systems where chaos may 

happen. A plane pendulum with two degrees of freedom 

is made of two joined rigid bodies, one of the bodies has 

an additional immobile joint and the two axes are parallel. 

For studying the dynamical behaviour of the system, the 

equations of motion must be firstly established. The 

equations of motion have generally a complex form. 

Particular cases are considered for obtaining analytical 

solutions, though. Many of the scientific references 

consider the double mathematical pendulum or, at most, 

the double physical pendulum made of two identical 

homogenous rods, as in Fig. 1.  

  

Fig. 1. Particular types of plane pendula with two DOF    

 

The paper presents the analysis of the dynamical 

behaviour of a spatial pendulum with two DOF. The 

spatial pendulum with two degrees of freedom is presented 

in Fig. 2. It consists in two homogenous rods with 

negligible cross section, joined via a rotation pair. One of 

the rigid bodies is also jointed to the ground using a joint 

with vertical axis. Three coordinate systems are 

considered for the study of the motion: an immobile 

system 000 zyOx  and two Cartesian mobile frames with 

the origins 1O  and 2O  positioned in the centers of the 
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immobile and mobile joint, respectively. The axes of the 

rotation pairs are the 11zO  and 22zO  axes. The axes 11xO  

and 22xO  will pass through the centers of mass 1G  and 

2G  of the two rigid bodies. The 1 1O y , 2 2O y axes 

complete the coordinate systems in such a manner that 

they are right oriented. There are known: the masses of the 

bodies 1M  and 2M ; the central moments of inertia 
1GJ  

and 
2GJ with respect to axes parallel to 11zO  and 22zO ; 

the positions of the centers of mass précised by the 

distances 1  and 2 . The external force acting upon the 

pendulum are the weights of the two rigid bodies, g1m  

and g2m . The position of the pendulum is completely 

specified by the angles   and   that characterize the 

motions from the two rotation pairs.         

 

Fig. 2. Spatial pendulum with two DOF          

 

The motion of the pendulum is characterized using the 

method of Lagrange equations [5] under the assumption 

that the friction is negligible in the two rotation pairs:         
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 where  E  is the kinetical energy of the system, kq  are 

generalized coordinates and  iF  are the external forces. 

The next relation is applied for the calculus of kinetical 

energy: 
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In order to find the velocities of the centers of mass of the 

two elements, the position vectors of the centers of mass 

1Gr  and 
2Gr  are required. For the rigid linked to the 

ground:          

 T11G 0sincos
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(3) 

and the velocity of the center of mass 1G  is:          

 0cossin 11G1
  v  

 

(4) 

The angular velocity of the rod joined to the ground is:         

 T1 100   

 

(5) 

The inertia matrixes of the rods with respect to the 

principal central axes have the general form:          
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Assuming that the dimensions of the cross-section of the 

rods are negligible compared to their lengths, the 

following approximation is justified:          

0JJ
2,12,1 yx   (7) 

The coordinate transformation relation [6-7] from the 

system 2 to the ground system is applied for finding the 

position vector of the center of mass 2G  in the ground 

frame:                
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Where, according to [7]:           
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and 
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are the roto-translation operators about the axes Oz  and 

Oy  respectively and 1L  is the length of the first rod:        
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The derivative with respect to time of the relation 11 

provides the velocity:          
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The angular velocity of the rod with respect to the system 

in which the matrix 
2GJ  is presented is required for 

calculating the rotation kinetical energy of the element 2. 

The angular velocity of the bar 2 is:          
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and it is employed in finding the kinetical energy of the 

pendulum:          
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where, according to Steiner theorem, [8] there were used 

the notations:                

2
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for the axial moments of inertia of the rigid bodies with 

respect to axes normal to the plane of motion, passing 

through the points 1O  and 2O  respectively. For the left 

member of the equation 1, to the angles   and   from 

relations 3 and 11, the increase   and   are considered 

and then there are calculated the following increases:             
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Afterwards, the virtual work is calculated using the 

relation:          

2G21G1 MML rgrg    
 

(17) 

From relation 17 it is obtained, after the calculus is made:           

 singML 22  
 

(18) 

The above relations can be employed in establishing the 

Lagrange equations for the motion of the system, under 

the following form: 
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3 Comparison between analytical and 
numerical solutions  

The form of the system of differential equations 19 

reveal that it is unlikely to find an analytical solution and 

a numerical method should be used in obtaining the 

solution [9]. Given that the system is resolvable with 

respect to the highest order derivative with respect to the 

variables   and  , (relations 20) the Runge-Kutta 4 

methodology [10-11] can be applied in solving it. In 

order to verify the correctness of the equations of motion 

20, a pendulum made of two identical rods, the rod with 

mobile joint being launched from an angle 3/   

was considered. The pendulum was modelled both with 
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the equations 20 and with the software dedicated to 

dynamical analysis, MSC.ADAMS, as seen in Fig. 3. In 

Figs. 4 and 5 there are presented comparatively the 

angular velocities from the two joints of the pendulum, 

obtained with the simulation software and by integrating 

the system of differential equations 20. 

 

Fig. 3. The pendulum modelled using MSC.ADAMS     
  

 

 

Fig. 4. The angular velocity from the immobile joint of the 

pendulum 

 

 

Fig. 5. The angular velocity from the mobile joint  

From both plots one can observe the perfect similarity 

between the results given by the software and the 

solutions obtained from the equations of motion.  

4 Conclusions 

The paper presents the equations of motion obtained for 

the spatial pendulum with vertical immobile axis and 

horizontal mobile axis.  The Lagrange’s equations of 

motion were applied for establishing the equations of 

motion. The equations of motion are obtained for the 

general situation except for the simplifying assumption 

that, for each pendulum, the central axial moment of 

inertia with respect to the axis perpendicular to the axis 

of oscillations is zero. The nonlinear system of 

equations was numerically integrated for an actual case. 

The same pendulum was modelled using dedicated 

software to dynamical analysis. The perfect 

concordance between the solutions of the two methods 

confirms the correctness of the equations of motion 

obtained in the present work. 
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